Recently R. Cohen and V. Godin have proved that the loop homology IH * (LM ) of a closed oriented manifold M with coefficients in a field Ik has the structure of a Frobenius algebra whose coassociative coproduct is without counit. In this short note we prove that when the characteristic of Ik is zero and if M is 1-connected then this algebraic structure depends only on the rational homotopty type of M . We describe explicitly the dual of the coproduct IH * (LM ) ⊗ IH * (LM ) → IH * (LM ) and prove it respects the Hodge decomposition.
Introduction
In this paper we work over an arbitrary field Ik of characteristic zero. In particular for any space X we write H * (X) (resp. H * (X)) for H * (X; Ik) (resp. H * (X; Ik)). For simplicity we identify H * (X × X) with H * (X) ⊗ H * (X) and H * (X) with the graded dual of the homology (H * (X)) ∨ .
Let M be a 1-connected closed oriented m-manifold and let LM be the space of free loops on M.
Chas and Sullivan [6] have constructed a natural product on the desuspension of the homomology of the free loop space IH * (LM ) := H * −m (LM ) so that IH * (LM ) is a commutative graded algebra. This product is called the loop product. They prove
Theorem CS ([6]-Theorem 1) The loop algebra , IH * (LM ) is a Batalin-Vilkovisky algebra.
On the other hand, Chas and Sullivan, [7] , and Sullivan, [17] , have introduced "higher string structures". Cohen-Godin, [9] , have proved that some of these higher string structures can be defined in terms of two dimensional positive boundary TQFT (topological quantum field theory). To be more precise let us recall that one of the equivalent definition of a quasi-Frobenuis algebra is the following, [1] , [2] : A unital graded commutative algebra A together with a coassosiative coproduct Φ : A → A ⊗ A which is a (degree zero) A-linear map. The coproduct Φ is assumed to be without counit. As defined and explained in [9] , a quasi-Frobenuis algebra is equivalent to a two dimensional positive boundary TQFT. Moreover, the first result of [9] implies the following:
Theorem CG ( [9] -Theorem 1) The loop algebra , IH * (LM ) has the structure of a quasiFrobenuis algebra.
The coproduct defined in the above quoted result,
Our first result is :
The structure of quasi-Frobenuis algebra on IH * (M ) depends only on the rational homotopy type of the manifold M .
In fact we describe explicitly the loop-coproduct Φ in terms of Sullivan models and the diagonal class of M (4.5). This result together with the similar one concerning the loop product, [13] -Theorem A, achieve the proof of Theorem 1. Thus this paper appears as a complement of [13] . The tools involved in the proof of theorem 1 are Sullivan models [16] . We refer the reader systematically to [12] for notation, terminology and needed results. In this context we naturally work with the cohomology of LM instead of homology. Therefore we are interested in the dual of the loop copoduct
rather than the loop coproduct Φ. We establish in (4.6) a formula for Φ ∨ when M = CP n . This allows us with he aid of [13]-3.6 to show that the composition
is not the trivial map.
Recall that LM is equipped with a natural S 1 -action. Power maps ϕ n : LM → LM are then induced by the covering maps e iθ → e niθ . The power operations H * (ϕ n ) : H * (LM ) → H * (LM ) define a natural Hodge decomposition, [5] :
is an eigenspace of H * (ϕ n ) for the eigenvalue n i A second application (4.7) of the description of the dual of the loop coproduct is: Theorem 2. The dual of the loop coproduct Φ ∨ respects the Hodge decomposition in H * (LM ).
1.1.
Following [17] and [9] the loop product (resp. the loop coproduct) is a particular case of an "operation"
⊗q with p = 2 , q = 1 (resp. p = 1 , q = 2) that will define a positive boundary TQFT. Here Σ denotes an oriented surface of genus 0 with a fixed parametrisation of the p + q boundary components:
Applying the functor M ap(−, M ) one gets the diagram
Diagram (1) is homotopically equivalent to the diagram
where c denotes a reduced Sullivan chord diagram with markings which is associated to Σ, [9] - §2.
1.2.
In order to define the loop coproduct we restrict to the case p = 1 and q = 2. Then Σ is the oriented surface of genus 0 with one incomming and two outcomming components of the boundary. The associated Sullivan chord diagram with markings is determined by the pushout diagram
→ c is homotopic to the folding map ∇ : S 1 → S 1 ∨ S 1 and S 1 S 1 out → c is homotopic to the natural projection S 1 S 1 → S 1 ∨ S 1 . Diagram (2) then reduces to a commutative diagram of fibrations
, iv) the squares are pullback diagrams of fibrations and δ in , δ out are the natural inclusions.
Definition ([9]-Definition 3)
The loop coproduct is the composition of the maps on the top line of the following commutative diagram in the category of graded vector spaces:
where δ in! denotes the shriek map of the fibrewise embedding δ in . (See section 2 for a precise definition.)
Complementary Remark.
It is interesting here to compare the definition of the loop product and of the loop coproduct.
To define the loop product one consider the diagram
where Comp denotes composition of free loops and δ out is a fibrewise embedding. Following [11] , the loop product is defined by
. §2 -Shriek maps of a fibrewise embedding In this section we recall the definition of the shriek map of a finite codimensional embedding, we introduce the notion of fibrewise embedding and define its shriek map. This notion of fibrewise embedding, which is implicit in [11] , is very convenient in order to obtain the description of the shriek map at the level of Sullivan models.
Shriek maps of an ordinary embedding
Let f : N → P be a smooth embedding of smooth manifolds possibly of infinite dimension and without boundary. Assume that: i) the codimension of f is equal to k < ∞ ii) N and P are both connected and the normal fiber bundle of the embedding, denoted In summary, we have the following commutative diagram of graded vector space homomorphisms
where Exc denotes the excision isomorphism and j X : H * (X, A) → H * (X) the kernel of the homorphism H * (X) → H * (A) induced by the inclusion A ⊂ X.
Following [3] , [10] , [4] one has the following definitions:
whose restriction to the fibres is the orientation class. Hereafter we will also denote by τ f the Thom class when coefficients are taken in Ik.
2) The Thom isomorphism is the H * (N )-module homomorphism
3) The cohomology Thom-Pontryagin collapse map, T P * , is the H * (P )-module homomorphisms:
4) The absolute Thom class of the embedding f is the cohomology class
5) The cohomology shriek map f ! is the H * (P )-module homomorphism:
Here H * (N ) is a H * (P )-module via H * (f ). 6) Dually, the homology shriek map f ! is the H * (P )-comodule homomorphism:
where the homology Thom-Pontryagin collapse map is the homomorphism
By definition, τ P f = f ! (1).
Proposition.
Let f : N → P be a smooth embedding of smooth manifolds possibly of infinite dimension and without boundary. Assume that: i) the codimension of f is equal to k < ∞ ii) N and P are both connected and ν f is oriented. If
where β ∈ H * (P ) is such that H * (f )(β) = α and τ P f denotes the absolute Thom class of f .
Proof. With notation of §1 let us consider the commutative diagram
where τ
denotes the image of the Thom class τ f via the isomorphism
Another proof of the proposition is obtained by using the fact that f ! is H * (P )-linear. Indeed since f ! (H * (f )(x)y) = xf ! (y) and that 
where {β l } denotes a homogeneous linear basis of H * (M ) and {β l } its Poincaré dual basis i.e.
In other words τ
is uniquely defined by :
It is also called the diagonal class on M .
Since the normal bundle ν ∆ is identified with the tangent bundle of M and since the Euler class e ν ∆ ∈ H m (M ) satisfies
and that the diagonal class τ
is the cup product it is a surjective map. Proposition 2.2 then implies that,
We recover the fact that ∆ ! is the dual of the intersection product.
Fibrewise embedding.
We define a fibrewise embedding as a pullback diagram of fibrationsÑf
where f : N → P is a codimension k smooth embedding of smooth manifolds possibly of infinite dimension and definitively without boundary. We define the rank k vector bundlẽ ν by the pullback diagramν
Its Thom class satisfies :τ
so that we obtain the commutative diagram
whereẼxc denotes the fibrewise excision isomorphism andθ the quasi-isomorhism induced by universal property from θ. There, as for the embedding f one can define 1) The Thom isomorphism as the H * (Ñ )-module homomorphism
2) The cohomology Thom-Pontryagin collapse map, T P * , is the H * (P )-module homomorphisms:
3) The cohomology shriek mapf ! is the H * (P )-module homomorphism:
d) The linear map induced byf ! on the cohomology of the fibre is the zero map.
3 Shriek map at the level of Sullivan models.
3.1 Convention, notation. If V = {V i } i∈≥0 is a graded Ik-vector space sV denotes the suspension of V , (sV ) n = V n+1 . We denote by ∧V the free graded commutative algebra generated by V . A Sullivan algebra is a cochain algebra of the form (
Any path connected space X admits a Sullivan model,
where A P L denotes the contravariant functor of piecewise-linear differential forms, [12] - §10 and §12. If X is 1-conneted M X can be chosen minimal and in this case it is unique up to isomorphism. Let X and Y be two path-connected spaces. Any continuous map f :
3.2 Relative Sullivan model. The map f : X → Y admits also a relative Sullivan model, [12] - §14:
where λ f denotes the natural inclusion of M Y into M Y ⊗∧W and d satisfies some nilpotent condition. The relative Sulivan model of f is unique up to isomorphism. This is a cofibrant replacement of A P L (f ) or of any Sullivan representative M f of f . In particular, the pullback diagram in the category of toplogical spaces where p is a fibration :
gives rise to the pushout diagram in the category of commutative differential graded algebras
and ϕ denotes the canonical isomorphism of commutative graded algebras
Homology representative off
be a fibrewise embedding as defined in 2.4. As just recalled, diagram (5) converts to the pushout diagram
yields the pushout diagram in the category of commutative differential graded algebras
The relative Sullivan model for p 0 : LM → M is
where
and s being the unique degree -1 derivation of ∧V ⊗∧V defined by
Relative Sullivan model for
and s ′ being the unique degree -1 derivation of ∧V ⊗ ∧V ′ ⊗ ∧V ⊗ ∧V ′ defined by
Observe here that formulae s + s ′ j x n ⊗ȳ i ⊗ x n ⊗ȳ s+s ′ −j if ǫ = ǫ ′ = 0 .
This proves in particular that the composition Φ • loop product is not trivial.
4.7 -Proof of theorem 2. Let us denote by ∧V ⊗ ∧ pV the subvector space of ∧V ⊗ ∧V generated by the words of length p inV . The differential of M LM = (∧V ⊗ ∧V , d) satisfies
It results from [18] -Theorem 3.3 that
The proof of theorem 2 is completed when one checks that le maps M ! δ in , M δout , and ρ introduced in 4.4 respect the word length inV .
